IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

An expansion in orthogonal polynomials of binomial-random variables for inhomogeneous

transport in disordered media

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1982 J. Phys. A: Math. Gen. 15 1283
(http://iopscience.iop.org/0305-4470/15/4/029)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 30/05/2010 at 15:53

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/15/4
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 15 (1982) 1283-1290. Printed in Great Britain

An expansion in orthogonal polynomials of
binomial-random variables for inhomogeneous transport in
disordered media

Takashi Nagatani

College of Engineering, Shizuoka University, Hamamatsu 432, Japan
Received 5 August 1981

Abstract. A general method is presented for expanding random functions in orthogonal
polynomials of binomial-random variables for transport in randomly inhomogeneous
media. The expansion projects the stochastic equation onto the statistically orthogonal
polynomials of binomial variables. It generates an infinite set of coupled equations for the
determination of kernels in the expansion where randomness is removed at the outset. The
expansion in orthogonal polynomials is applied to inhomogeneous transport in bond-
disordered resistor networks (bond model). The expression for the effective conductivity is
obtained, to order ¢ (c being the fraction of broken bonds), by truncating the infinite set of
coupled equations for kernels after the third term. It is found that the expression agrees
with that derived from the two-bond approximation. The expansion in orthogonal poly-
nomials is also applied to the clumped-bond model and the continuum model. Truncated
equations are derived to govern the kernels in the expansions.

1. Introduction

The properties of randomly inhomogeneous physical systems have recently been
investigated intensively by both experimental and theoretical methods. The system can
be simulated by a continuum model or by a resistor network model. Numerical
computations of the conductivity have been performed using Monte Carlo techniques
(Kirkpatrick 1973, Seager and Pike 1974, Webman et al 1975, Winterfeld er al 1981).
Various theoretical methods, including the perturbation expansion (Hori and
Yonezawa 1974, 1975a, b, 1977, Blackman 1976, Ahmed and Blackman 1979), the
variational approach (Hori 1973a,b, Willemse and Caspers 1979), the effective-
medium approximation (EMA) (Bruggeman 1935, Landauer 1952, Kirkpatrick 1973,
Watson and Leath 1974, Bernasconi and Wiesmann 1976) and the percolation theory
(Shante and Kirkpatrick 1971, Last and Thouless 1971, Essam 1972), were used to
analyse the overall properties of randomly inhomogeneous materials. The single-
vertex EMA, two-vertex EMA and three-vertex EMA, derived from the diagrammatic
expansions, were shown to be equivalent to those obtained by effective-medium
methods for a single bond, two bonds and three bonds, respectively, in the lattice model
(Nagatani 1981a, b). In the non-self-consistent treatment, the approximations result in
the expression of the effective conductivity as an integral power series of the fraction of
broken bonds, and correspond to the group expansion for the continuum model derived
by Jefirey (1973, 1974).

Statistical theories of turbulence have been developed involving the diagrammatic
expansions (Wyld 1961, Edwards 1964, Edwards and McComb 1969, Leslie 1973) and
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Wiener-Hermite expansions (Siegel ef a/l 1964, Imamura et al 1965, Meecham and
Jeng 1968, Crow and Canavan 1970). Wiener (1939, 1958) has proposed the novel
method of expanding random fields as an orthogonal polynomial series in powers of the
white noise. The terms in Wiener’s expansion have the form of Hermite polynomials in
the white-noise function. The feature that distinguishes the Hermite polynomials is that
they are orthonormal with respect to a weighting function which has the form of a
Gaussian probability distribution of unit variance.

In this paper, we present orthogonal polynomials of binomial-random variables for
transport in randomly inhomogeneous media. The polynomials are orthogonal under
the weighting function which represents the multiple-binomial distribution function.
We expand random functions in orthogonal polynomials of binomial variables and
obtain truncated equations for the determination of kernels in the expansion. We
represent the effective conductivity in terms of the kernels. The effective conductivity is
calculated by deriving the approximate solutions of kernels. In § 2 we give orthogonal
polynomials of binary-random variables and summarise the outline of the expansion.
Application to the bond model is given in § 3. Truncated equations are derived for
kernels, and the effective conductivity is evaluated by the approximate solution of
kernels. In § 4 we apply the expansion in orthogonal polynomials to the clumped-bond
model and to the continuum model.

2. Outline of expansion

As the basis for constructing our series, we use the ‘binomial-random function’ a(x;) of
adiscrete-valued index x; expressing the position of the space. For any fixed x;, a(x;)isa
binary-random variable having zero mean and is independent of a(x;) whenever x; # x;.
The a(x;) is then defined by

(a(x;))=0 (2.1
(a(x)a(x;) = <a(xi)2)5x,x, (2.2)

where the angle brackets denote an ensemble average and 8, is the Kronecker delta,
equal to one when x; = x;, to zero otherwise.
We define the polynomials B" of binomial variables by

BM(x))=a(x,) BP(xy, x2) =(1~6,,,,) * a(xpa(xy) 2.3

n—-1
B(n)(xly X2y o 0ny X,.) = a(xl)(l _6x1x,.) H (1 _6xkxk.1) * a(xk+\) for n =3.
k=1

The B are orthogonal under the weighting function which represents the multiple-
binomial distribution function:

(B(")(xl’ X2y evy xn) * B(M)(x;’ x'2’ s eay x:n))
0 forn#m
n—1 n~1
-| (=822 il (l—ax.x,ﬂ))((l—aﬂm i (1= 801.,)) 2.4)

(£ [ (@)ou)  forn=m.

distinct exogamous
pairings pairs
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Here the symbols are to be interpreted as follows:

H Sxixﬂ'

exogamous
pairs

is a product in which the x; (or x}) index from x; (or x1) to x,, (or x,) appears just once as
a subscript of the Kronecker delta multiplicand, subject to the restriction that each pair
coupled in a delta function is ‘exogamous’ in the sense that the two partners in it come
from different sets, (xi, x2,...,%,) and (x1, x3,...,x,). In the summation, such a
product appears just once for each distinct way of arranging all x variables.

The expansion of a random function f in orthogonal polynomials is given by

f(x)=<f(x))+ZK“’(x;x1)-Bm(xx)+% Y KP(x;x1, x2)

1

2
x B )(xl,x2)+...+; Y K™ (x; %1, X2+« + s Xn)

CX1X2, 00, Xn

XB™(x1,X25« ooy Xn)F .0 (2.5)

where the summations over x, range over all positions of the space. Here it must be
borne in mind that the kernels K are ordinary functions of their arguments, while the
B’s are random functions. The statistical properties of f will be determined by its
moments, i.e. by exception values of the form

(FEFGE" .. ™). (2.6)

The computation of such an expansion can, by commuting the { ) operation with the
sums in (2.6), be reduced to the evaluation of sums of products of K’s, since the
exception values of products of B’s are invariably combinations of Kronecker 8’s.

The application of the expansion (2.5) to stochastic equations involves three steps.
Firstly, random functions are replaced by the expansion (2.5). Secondly, the resulting
expression is multiplied by any one of the orthogonal polynomials of binomial variables.
Thirdly, the product is averaged over the ensemble of binomial variables. The ensemble
average projects the stochastic equation onto the statistically orthogonal polynomials of
the binomial variable. These three steps extract an equation of the kernel that appears
in (2.5) as the coefficient of the particular polynomial used in the first step. Applied to
each polynomial in turn, the extraction process generates an infinite set of coupled
equations for the determination of the infinite set of kernels in (2.5). Randomness is
thereby removed from the problem at the outset, and one can concentrate on finding
approximate solutions for the kernels. The expansion is computationally useful if it can
be truncated after a few terms.

3. Application to inhomogeneous transport in the bond model

We consider the problem of electrical conduction in bond-disordered resistor networks
in which bonds are broken at random (bond model). The models are an infinite square
resistor network and an infinite simple cubic resistor network. We consider the
imperfect lattice in terms of perturbations from the perfect reference lattice, which is
defined as a network of conductances g, across each of which is a field E° (=(E)).
Making use of the Green function formalism (Blackman 1976, Ahmed and Blackman
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1979, Nagatani 1981a, b), the electric field E; of any one bond i can be expressed as
E,'=EO+Z F,‘iAjEj (31)

i

where A; = (g, — go)/8o, & is the conductance of a bond ;j in which each bond has a
probability 1—p = ¢ of taking the value g; =0 and a probability p =1—¢ of taking a
finite value go, subscripts label bonds, and I'; is a bond-bond Green function that
depends on the type of lattice, the separation of bond i and j, and their relative
orientation. We shall apply the expansion (2.5) to the stochastic equation (3.1). The
random function E; can be expanded in orthogonal polynomials of binomial-random
variables as

E%: 1 +;K§}) B +§1—!;);K§,%2 ‘B +31!§§§K§,?,2,,, ‘B +... (3.2)
where

BV =A;+c B =(1-83)(A;+c)(Ax +¢)

B = (1= 8p)(1 = 81m)(1 — 8m)(A; + ) A + ¢ )(Am + ) ... (3.3)

(A;) = ~c and, in the summations, j, k and m range over all bonds of the lattice.

In equation (3.1) the electric field E; is replaced by (3.2). Applying each polynomial
to the resulting expression in turn, the products are averaged over the ensemble of
binomial variables. We then obtain an infinite set of coupled equations for the
determination of kernels in (3.2). For the sake of computational usefulness, if it is
truncated after the third term in (3.2), we obtain

Ko =Tim—c Y TK N +(2¢=1)  TimK o +(c =) Y TiK 2. (1= 83) (3.4)
i i

Kgrzn)n = FxmKE}:L +FinK$:1rzt -C Z ri' )(rzn)n + (2C - l)rthgrztinn + (25 - l)rmKﬁlZn)m (35)

The expression for effective conductivity g* is given by
A*=(AE)/E°=—c+(c-c)KY (3.6)

where A* = (g* — go)/go.

We solve equations (3.4) and (3.5) for the kernel K ™ For simplicity, we derive the
solution of the kernel K¥ to the first order of the concentration ¢ of broken bonds. For
the second kernel K f,z,z,, we obtain from equation (3.5)

@ _ To(1 + o) = (Ty)? — Tjm e
i~ <1+ro>2—(rm,->2) Kim +((1‘+“r0)2—<rm,.)‘2) Kmj +0(0). (3.7)

By the substitution of equation (3.7) in equation (3.4), the first kernel K ‘v is given by

1) _ I-‘ll'm + 21-‘0]--‘1'm . Z(F rimrmj) Fj

m AT, (1+To)? < =\ T 14T,/ 1+ T,

To(14 o)+ i = (Do)’
x[‘l +( (1 +To) = (T

)(1—5,-,,,)] cc+0(c). (3.8)
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Substituting equation (3.8) in equation (3.6), we obtain

g8 1 . __To o
go—l 1+Fo ¢ (1+Fo)2 ¢

- (Fij)z/(l +To)’ + (Fij)s/(l +To)*
D G v e

(j#8)

) <+ 0(cd). (3.9)

Our expression (3.9) for the effective conductivity agrees with that derived by the
two-bond approximation (Nagatani 1981a). We see immediately that the truncation
after the third term in the expansion (3.2) gives the exact value to order >

4. Expansions for the clumped-bond and continuum models

We present expansions in orthogonal polynomials of binomial variables for the
clumped-bond model (Nagatani 1982) and for the continuum mode! (Hori and
Yonezawa 1977). We derive truncated coupled equations for the determination of
kernels in expansions.

4.1. Clumped-bond model

We consider the electrical conduction in clumped-bond-disordered resistor networks
where clumps of bonds are broken at random in square and simple cubic resistor
networks. The electric field E,;, of any one bond / within the clump a is determined by

E.i= E°+§ '21 LawpAsEs) 4.1)
P

where A, = (g — g0)/ go» & is the conductance of the bond in the clump b in which each
clump has a probability ¢ of taking the value g, =0 and a probability 1 —¢ of taking a
finite value go, the subscripts b(j) represent the bond j in the clump b, T ,(s) is the
bond-bond Green function between the bond i in the clump a and the bond j in the
clump b, and, in the summations, b and j range over all clumps of the lattice and over all
bonds within a single clump respectively.

We apply the expansion (2.5) to the stochastic equation (4.1). The random function
E, ;) can be expanded in orthogonal polynomials of binary-random variables as

TR+ T K B + 3 T T K BE 43 LT T K B
4.2)
where
D =A,+c B2 =(1-8,.)(Ap +c)(Ac +¢)
4.3)

Si’d—(l ~85c)(1— 8.a)(1 — 84 )(Ap + YA +)(Ag +c)

{A.) = —c and, in the summations, b, ¢ and d range over all clumps of the lattice.

In equation (4.1) the electric field E,, is replaced by (4.2). Applying each
polynomial to the resulting expression in turn, and averaging over the ensemble of
binomial variables, we obtain an infinite set of coupled equations for kernels in (4.2). If
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it is truncated after the third term in (4.2), we obtain
© _ 3 ©) 2 & 1
Kain=1-c ; Zl FawsiK i +(c=c”) ; -21 oK sis (4.4)
i= i=
n n
® © 1
Kawm = -21 LaymiKmay —¢ ; 2‘1 T oo K biom
i= j=

+(2c—-1) ‘21 Fa(i)m(i)Kirll)(i)m +(c—c? g ‘21 Fa(i)b(j)ng()i)bm (1=85m)
j= j=

4.5)
Kma = _Zl Tatom K mipa + 42'1 Loty K diym ~¢ Zb: Zl Tawn K sma
i= i= j=
+Q2c—-1) ‘21 Taciomi K mipma +(2¢ = 1) 21 Lawa K dam: (4.6)
i= i
The effective conductivity g* is given by
g*/go=1-c+(c—c)Kale/Ka. 4.7)

If one finds approximate solutions for the kernels, one can derive the expression for the
effective conductivity.

4.2. Continuum model

We consider electrical conduction in a 2D (or 3D) inhomogeneous medium with
spatially fluctuating conductivity. A randomly continuous medium can be represented
by the cell model which was first proposed by Miller (1969a, b) and discussed in detail
by Brown (1974) and Hori (1975). In the cell model, the space is completely covered by
non-overlapping cells within which the material property is constant. Cells are dis-
tributed in a manner such that the material is statistically homogeneous. The material
property of a cell is statistically independent of that of any other cell. The equivalent
expression for the electric fields in the continuum model is

Eia(x1))=E°+ ZBZ j dx; Tij(a(x1), B(x2))AsE;(B(x2)) (4.8)

where Ag =(gs —8o0)/80, 8s is the conductance of the cell in which each cell has a
probability ¢ of taking the value gz = 0 and a probability 1 — ¢ of taking a finite value go,
a(x,) represents the position x; within the cell a, subscripts i and j indicate the
Cartesian components, the integral is extended over the space within a single cell, and,
in the summation, B ranges over all cells of the whole space. The bond labels of
equation (4.1) are replaced by a continuous variable x and a subscript / to indicate the
Cartesian components. The Green functions I';(« (x1), 8(x2)) appropriate to equation
(4.8) are given by Hori and Yonezawa (1977). We apply the expansion (2.5) to the
stochastic equation (4.8). The random function Ei(a(x1)) can be expanded as

Ei(a(x1))
Saahy)

5o =K (@@)+ L K" (a(x:), B) - By’ +-21—,Z YKP(@(),8,7) Bay+...
B L Y

(4.9)
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where
BY =Ag+c BZ) =(1-8g,)(Ag +c)(A, +c) . (4.3)

(Ag)=—c and, in the summations, 8 and y range over all cells of the whole space.

In equation (4.8) the electric field E;(a(x1)) is replaced by (4.9). Applying each
polynomial to the resulting expression in turn, and averaging over the ensemble of
binomial variables, we obtain an infinite set of coupled equations for kernels. If it is
truncated after the third term in (4.9), we obtain

KO @G)=1-c ¥ j dx Ty(a (1), B(xz) « KO (B(x2))
o= j dx2 Ty(a(xr), B(x2) - K (B(x2), B) (4.10)
K (a(x1), v)

- j dxs Ty(a(xr), v(x2)) - KO (v(x2))
) j dxs Tyla (), B() - K (B(x2), 7)
+(2c-1) j dx; Tyle (), () - KO (y(x2), v)

+(c=c? ; f dx; Ty(a(x1), B(x2) « K (B(x2), B, ¥) * (1~ 8g,)  (4.11)
K? (a(x1), v, 8)

= j dxs Tyla (), v(6) - K (v(x2), 8)

+j dxaTy(a(x1), 8(x2)) KV (8(x2), )

—e T [ anly(am), B KT (BGx2), 70)
+@2c=1) [ dr Tyla e, v0a) - K2 (4(c2), 7 5)

+Q2c-1) j dxs Ty(a(xy), 8(x2) K (8(x2), 8, 7). 4.12)

The effective conductivity g* is given by
g*/go=1-c+(c=c?) K’ (a(x1), )/K(” (a(xy)). 4.13)

If one finds approximate solutions for the kernels, one can derive the expression for the
effective conductivity. Comparing the clumped-bond model with the continuum
model, we see that the clumped-bond model presents the continuum model in the
limiting case where the number of bonds in a clump is infinite. It is not easy to derive
solutions of kernels for the continuum model, but one may derive solutions of kernels
for the clumped-bond model.
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